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Abstract
We have considered ϕ4 theory in higher dimensions. Using functional
diagrammatic approach, we computed the one-loop correction to effective
potential of the scalar field in five dimensions. It is shown that ϕ4 theory
can be regularised in five dimensions. Temperature dependent one-loop
correction and critical temperature βc are computed and βc depends on
the fundamental scale M of the theory. A brief discussion of symmetry
restoration is also presented. The nature of phase transitions is examined
and is of second order.
1 Introduction
Effective potential plays a very important role in quantum field theory and much
have been studied about it for various types of fields. It is very useful in the
study of symmetry breaking, since the broken symmetry of classical potential
may be restored due to quantum corrections. The aim of the present paper is
to study the behaviour of effective potential of a scalar field in higher dimen-
sions. The motivation for this study is due to recent developments in higher
dimensional theories which try to bring gravity and other fundamental interac-
tions in single theory [1, 2] . In recent times scalar fields have been studied in
higher dimensions to address many issues in particle physics and cosmology like
inflation, cosmological constant, dark energy, etc.
In this paper, we study the effective potential formally by calculating the one-
loop approximation and critical temperature for symmetry restoration in higher
dimensions. It is interesting to see how the one-loop correction and critical
temperature will behave in higher dimensions. We consider ϕ4 theory in five
dimensions, but it is known ϕ4 theory is not renormalisable in five dimensions.
Non-renormalisibility of the theory does not mean that theory is not interesting,
it may be part of high energy theory which is renormalisable. Another feature of
the scalar field in five dimensions is that the coupling constant λ is dimensionful.
To calculate effective potential, we follow the diagrammatic approach up to one-
loop order. The momentum integral is divergent in the expression for one-loop
correction and we apply a cut-off Λ to compute it. In the present work we are
able to get a finite expression for one-loop effective potential and show that it
is possible to regularize ϕ4 theory in five dimensions. The critical temperature
1ph03ph14@uohyd.ernet.in
2 pkssp@uohyd.ernet.in
1
βc can be found by using functional diagrmatic approach of Dolan and Jackiw
[3].
The paper is organised as follows in section II we compute the zero tem-
perature one-loop approximation. Section III deals with temperature one loop
correction and the critical temperature. Results and conclusions are given in
section IV.
2 Effective Potential and One-loop Correction
Consider a scalar ϕ4 theory in five dimensions (5D), the signature of the metric
is (+,-,-,-,-). The action for the scalar field with a source term can be written
as
SJ =
∫
d5x[
1
2
∂µϕ∂µϕ−
m2
2
ϕ2 −
λ
4!M
ϕ4 + Jϕ]. (1)
The tree level potential is given by
V 0 =
1
2
m2ϕ2 +
λ
4!M
ϕ4 − Jϕ. (2)
Since the coupling constant λ acquires dimensions in 5D, it is divided byM to
make it dimensionless, which is the fundamental scale of the theory.
The generating functional is
Z[J ] = e
i
h¯W [J]. (3)
Where W[J] is the generating functional for the connected Green’s functions
[4]. In quantum field theory we study effective action Γ which is the Legendre
transform of W[J]. In 5D it can be written as
Γ[ϕˆc] = W [J ]−
∫
d5xJ(x)ϕc(x). (4)
Where
ϕˆc =
δW [J ]
δJ(x)
(5)
and
δΓ
δϕˆc(x)
|ϕˆc 6=0 = 0. (6)
Alternatively expanding the effective action in powers of momentum and ne-
glecting higher order terms in ϕˆc. And in limit J → 0, for ϕˆ→ ϕc is constant,
we get
Γ[ϕc] = −(2pi)
5δ(0)V (ϕc) = −ΩV (ϕc). (7)
Where V (ϕ) is effective potential in five dimensions and Ω is the space-time
volume.
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Now the effective potential contains quantum corrections of different orders.
We can calculate these corrections peturbatively by loop expansion. Hence
V = V 0 + h¯V 1 +O(h¯2), (8)
where V 0 is the tree potential and V 1 is the one-loop correction. The one-
loop contribution is computed using the techniques developed earlier and can
be written in closed form. The one loop contribution to effective potential in
5D is obtained as
V 1(ϕc) = −
ih¯
2
∫
d5k
(2pi)5
ln(−k2 +M2), (9)
where shifted mass M2 = m2 + λ2Mϕ
2
c .
Now rotating to Euclidean space, k0 = ikE
V 1(ϕc) =
h¯
2
∫
d5kE
(2pi)5
ln(k2E +M
2) (10)
=
h¯
24pi3
∫
k4EdkE ln(k
2
E +M
2). (11)
But the integral in eqn (11) is divergent. It has ultra-violet divergence and its
degree of divergence is three. To make the theory meaningful we should make it
finite by using renormalisation technique. For this we first regularise the theory
by applying cut-off regularisation method. So, we introduce cut off Λ on all
loop momenta and solve the integral to get
V 1(ϕc) =
h¯
24pi3
[
−2Λ5
25
+
2
15
Λ3M2 −
6
15
ΛM4 +
3
15
iM5 ln(
M − iΛ
M
)
−
3
15
iM5 ln(
M + iΛ
M
) +
3
15
Λ5 ln(M2 + Λ2)]. (12)
Thus an expression for one-loop potential in five dimensions is obtained. But
the expression is still divergent when Λ → ∞. In general this infinities are
absorbed by adding counter terms to the above expression and using suitable
renormalisation conditions. Since the ϕ4 theory is not renormalisable in 5 di-
mensions it is interesting to see if we can add counterterms to the Lagrangian
and get rid of atleast some of the divergent amplitude. The effective potential
with counter terms is
V =
m2 + δm2
2
ϕ2c +
λ+ δλ
4!M
ϕ4c +
h¯
24pi3
[
−2Λ5
25
+
2
15
Λ3M2 −
6
15
ΛM4
+
3
15
iM5 ln(
M − iΛ
M
)−
3
15
iM5 ln(
M + iΛ
M
) +
3
15
Λ5 ln(M2 + Λ2)](13)
where δm2 and δλ are mass and coupling constant renormalization countert-
erms. We use the following renormalisation conditions
d2V
dϕ2c
|ϕc=0 = m
2, (14)
3
d4V
dϕ4c
|ϕc=0 =
λ
M
. (15)
After detailed calculations, imposing conditions (14) and (15), we obtain the
counter terms as
δm2 =
1
3
Λ3 λ+ Λλm2 +
5pi
10
λm3 +
6λ
5Λ
m4, (16)
and
δλ = 3Λλ2 +
45
20
piλ2Λ +
36
5Λ
m2λ2. (17)
Now substiuting this counter terms in eqn (13), we get the effective potential
V =
1
2
m2ϕ2c +
λ
4!M
ϕ4c +
h¯
24pi3
[−
2
25
Λ5 +
3
15
Λ3m2 −
13
30
Λm4 −
pi
5
M5
−
2
5Λ
(m6 +
λ3
8M3
ϕ6c) +
1
2
ϕ2c(
5piλ
10M
m3) +
1
4!
ϕ4c
45piλ2
20M2
m]. (18)
Neglecting the field independent terms, and terms which vanish in the limit
Λ→∞ in eqn (18), the effective potential with one loop correction is obtained
as
V =
1
2
m2ϕ2c +
λ
4!M
ϕ4c +
h¯
24pi3
[−
pi
5
M5
+
1
2
ϕ2c(
5pi
10
λ
M
m3) +
1
4!
ϕ4c(
45pi
20
λ2
M2
m)]. (19)
Thus eqn (19) shows that we have been able to remove Λ successfully and a
finite expression for one loop potential using ϕ4 theory in 5D is obtained. Thus
it is useful to study effective potential for ϕ4 theory in 5D.
3 One Loop approximation and Symmetry Restora-
tion
In this section we calculate one-loop approximation with temperature correc-
tions. Consider the following Lagrangian
L =
1
2
∂µϕ∂
µϕ−
1
2
m2ϕ2 −
1
4!M
λϕ4. (20)
Now shift the field by some constant field ϕc and considering quadratic part of
shifted Lagrangian, zero loop potential is
V 0(ϕc) =
1
2
m2ϕ2c +
λ
4!M
ϕ4c . (21)
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From our discussion in previous section one-loop approximation is given by
(h¯ = 1)
V 1(ϕc) = −
i
2
∫
d5k
(2pi)5
ln(−k2 +M2)
=
1
2β
∑
n
∫
d4k
(2pi)4
ln((
2npi
β
)2 + ω2) (22)
ω2 = K2 +M2, (23)
where K2 = k21+k
2
2+k
2
3+k
2
4. From the standard techniques of four dimensions
used previously, we can get a similar expression for the five dimensions as
V 1(ϕc) =
∫
d4k
(2pi)4
[
ω
2
+
1
β
ln(1− e−βω)]. (24)
The first term in eqn (24) is the zero temperature one-loop correction and is
computed in previous section eqn (19). The second term can be written as
V 1β (ϕc) =
1
8pi2β5
∫ ∞
0
x3dx ln(1 − e−(x
2+β2M2)
1
2 ). (25)
This is the finite temperature contribution to the potential. From this we can
calculate βc, following the method in Ref [3], i.e using expansion in V
1
β (ϕc)
V 1β (ϕc) = −
6ζ[5]
8pi2β5
+
2ζ[3]M2
16pi2β3
−
M3
16piβ2
−
3M4
64pi2β
B
−
M4
32pi2β
ln(M2β2) +
1
120pi2
M5 +O(M6β) . (26)
Here, B = (γ +
ψ0(
1
2
)
2 + 2 − ln(2pi)) ≈ −0.2424. Now we are in a position to
study the symmetry restoration. We assume the Lagrangian has a symmetry
which means that in the absence of source, ϕˆ = 0. On the other hand symmetry
breaking occurs when ϕˆ 6= 0, indicated by eqn (6). The complete potential given
by eqn (8) can be rewritten into zero temparature and temperature dependent
part as
V = V0(ϕc) + V
1
β (ϕc), (27)
where V0 is the zero temperature potential including the one loop correction.
The symmetry breaking occurs at zero temperature i.e. ∂V0(ϕc)∂ϕc = 0 at ϕc 6= 0.
And the symmetry breaking will disappear when [3]
∂2V (ϕc)
∂ϕ2c
> 0, for ϕc 6= 0. (28)
Now, we see if the temperature dependent part of the potential can restore
the symmetry. Using eqn (27) the symmetry restoration condition of eqn (28)
becomes
∂2V0(ϕc)
∂ϕ2c
|ϕc=0 +
∂2V 1β (ϕc)
∂ϕ2c
|ϕc=0 ≥ 0, (29)
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where the first term is the renormalised mass of the theory given by eqn (14).
Thus the critical temperature becomes
∂2V 1β (ϕc)
∂ϕ2c
|ϕc=0 = −m
2. (30)
We obtained an expression for critical temperature as negative of mass squared
and −m2 is considered positive since symmetry breaking occurs at zero temper-
ature. Thus when
∂2V 1β (ϕc)
∂ϕ2c
|ϕc=0 > −m
2, the temperature dependent mass is
dominant and the effective mass becomes positive and condition (28) is satisfied
and hence the symmetry is restored.
Now using eqn (30) we obtain
1
β3c
=
−8m2Mpi2
ζ[3]λ
, (31)
where we use only on first two terms for calulation of critical temperature 3.
At temperatures above this critical temperature the symmetry is restored and
below it symmetry will be broken.
Now we will confirm our result, by trying to obtain βc without actually
calculating effective potential. That is by calculating self-mass correction
m2β = m
2 + δm2 +
λ
2M
∫
k
i
k2 −m2
. (32)
Where
∫
k
is 1
−iβ
∑
n
∫
d4k
(2pi)4 , and hence
m2β = m
2 + δm2 +
λ
2M
1
β
∑
n
∫
d4k
(2pi)4
1
4pi2n2/β2 + E2m
(33)
= m2 + δm2 +
λ
2M
∫
d4k
(2pi)4
[
1
2Em
+
1
Em(eβEm − 1)
]
.
Where we have assumed that mass counter terms cancels with the zero temper-
ature contribution. Thus
m2β = m
2 +
λ
16pi2β3M
∫
k3dk
1
Em(eβEm − 1)
= m2 +
λ
16pi2β3M
∫ ∞
0
dx
x3
(x2 + β2m2)1/2
×
1
(e(x2+β2m2)1/2 − 1)
= m2 +
λ2ζ[3]
16pi2Mβ3
−
3 λ
32piMβ2
m+O(
m2
β
). (34)
Therefore the critical temperature can be obtained from the following expression
0 = m2 +
λ
16pi2β3cM
∫ ∞
0
dx
x3
(x2 + β2cm
2)1/2
×
1
e(x
2+β2cm
2)1/2 − 1
. (35)
3One can also consider M
4
β
term to calculate βc, but there will not be significant change
in the numerical value of critical temperature.
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Figure 1: Behaviour of finite temperature effective potential showing symmetry
restoration for m = 0.9371, λ = 0.008 andM = 1. (1) shows broken symmetry
at T = 0. (2) shows behaviour at T = 17 less than Tc. (3) shows symmetry
being restored at T = 19.318 i.e T = Tc. (4) shows behaviour at T = 22
and symmetry is restored. (5) Shows behaviour of finite temperature effective
potential at T = 75 i.e T ≫ Tc where symmetry is completely restored.
It is clear that the value for βc from the eqn (35), relying on
1
β3 term will be
same as in eqn (31). Thus, we obtained the critical temperature for symmetry
restoration for the scalar field in 5D.
Next we study the behaviour of symmetry by examining the effective potential
(Veff ). Here we consider lowest order interaction i.e λ ≪ 1, in this limit we
plot Veff as function of ϕ for different values of temperature. Figs 1.1-5 shows
behaviour of Veff for different temperatures. At temperature T = 0 fig(1.1)
we have two degenerate minima indicating a symmetry broken phase. The
effective potential for T = 17 which less than Tc still has symmetry broken
phase. For T = Tc we observe there are no longer two minima, indicates that it
is going to symmetry restored phase. When temperature is more than Tc there
is only one minimum at ϕ = 0 showing restoration of symmetry. At T ≫ Tc
effective potential has unique minimum showing symmetry persists. Therefore
we observe that the transition from one phase to other phase is continuous and
hence it is a second order phase transition.
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4 Discussions
In this work, we calculated the effective potential for a scalar field up to one
loop order. The scalar field is considered in five dimensions and we applied the
path integral technique successfully to calculate the effective potential. We are
able to regulate ϕ4 theory in 5D and obtain an expression for one loop potential.
Using the functional diagrammatic method, we calculated temperature depen-
dent one loop correction and the critical temperature βc. We note that critical
temperature in case of 5D field is dependent on fundamental mass scale in con-
trast with 4D case, but still symmetry restoration is possible, when effective
mass squared becomes positive. We verify our result by calculating critical tem-
perature from self-mass correction at finite temperature. The nature of phase
transition is found continuous and is inferred as second order.
The present results can be compared with Dienes et’al [5] where they consider
single extra dimension, which is compactified on a circle and it contributes a
large number of Kaluza-Klein modes. Our expressions for temprature one-loop
potential and critical temperature are similar to there results, in case of a scalar
field. The nature of the phase transition in this study is in concordance with
there model [5].
Our result may find some applications in higher dimensional cosmological
theories, especially in theories where one would work with higher dimensional
fields rather than effective 4D theories where coupling constant would be sup-
pressed due to Planck’s scale.
Acknowledgments
We would like to thank Prof. A. K. Kapoor, Prof. M. Sivakumar and K. V. S.
Shiv chaitanya for useful dicsussions and suggestions during this work.
References
[1] P. Horava and E. Witten, Nucl. Phy. B 460, 506 (1996), ibid. 475, 94 (1998).
[2] R. Maartens gr-qc/0312059.
[3] L. Dolann and R. Jackiw, Phy. Rev. D 9, 3320 (1974).
[4] L. Ryder, Quantum Field Theory. (Cambridge University Press, 1985).
[5] K. R. Dienes, E. Dudas, T. Ghergetta and A. Riotto, Nucl. Phy. B 543, 387
(1999).
8
